Markovian Component Modeling

F. Dankar and G.V. Bochmann
School of Information Technology and Engineering (S TE), University of Ottawa
Email: fdankar @site.uottawa.ca, bochmann@site.uottawa.ca

Abstract

We consider the following problem: For areal-time
probabilistic system Sconsisting of two submodules M,
and M, the specification of the global sysem S is
given, as well as part of the specification of M; and
part of the specification of M, (the possible traces are
known but not their probabilities nor their timing
delays). We need to fully determine of M; and M, in a
way to “ best approximate” the composition M;xM, to
S
In this paper, a solution of this problem in the context
of continuous time Markov chains (CTMC) is given.

1. Introduction

Modern systems tend to be more and more
complex, hence resulting in large and complex models.
The notion of decomposing a system into smaller
subsystems is well known and results in smaller and
easier to model components.

An ingance of this problem is submodule
construction. The submodule construction problem
consists of constructing the specification of a
submodule X when the specifications of system S and
all its submodules except X are given. The construction
should be done in a way such that the composition of
the known submodules with X conforms to S.
Submodule construction was first formulated and
treated in [7], where the specifications are given as
execution sequences and trace equivalence is the
conformance relation. Some work was done using
labeled trandtion systems as a mode for the
specification and observational equivalence as the
conformance relation [6,9] and other work was done
for 1/O finite state machines as a model for the
specifications and quasi-equivalence as conformance
relation [4,8].

The problem that we deal with consists of
determining the performance of all submodules of a
real time probabilistic system S when the specification

of system S is known as well as the traces of al its

submodules. The exact problem we deal with is stated

asfollows:

A continuous-time Markov chain (CTMC) S is
designed as a composition of two CTMC submodules
M; and M,. The specification of Sis given as well as
the traces for M; and M, (in M; and M, possible
transitions are known, but not their probabilities nor
their timing delays, which are expressed in terms of
trangition rates). We need to determine the unknown
rates in M; and M, such that M;xM, behaves at |east
“as good as’ S. Note that, given S and M; the
transitions in M, can be constructed using submodule
construction [1,7].

To design S as aproduct of two components M; and
M,, someinternal interactions are required between M,
and M, for the purpose of synchronization. When the
product of M; and M, is made these internd
interactions are hidden and they become interna
ddays.

Some of the challenges faced while determining the
unknown ratesin M; and M, are:

- Removing the internal delays from the
composition MyxM, (we use an algorithm defined
in [3)]).

- Proving that the characterigtics of (M1xM5) is not
atered after removing its internal delays. To do
that, we define two equivalences, namely
“average smulation equivalence’ and “average
dday equivalence’, that are preserved with the
removal of internd delays.

- Prove some important properties for the
equivalences.

In the coming section we will present some basic
definitions needed in the course of the paper, then in
Section 3 we will present a motivating example to
better explain the purpose of the paper. In Sections 3
and 4 we will proceed with the solution steps. Then in
Section 5 two examples are presented.

2.RTFSM, CTMC and DTMC



21.RTFSM

A red-time finite state machine RTFSM M= (S, 2,
A, T, P, 5) isdefined asfollows:
e X isaset of events,
e Sisafinite set of states
e A C SX2XS is the trangition relation satisfying the
following condition: Given s S, the set { ae X ; (s, a,
S)eA, for some s e S} isfinite. Note: Thisisreferred
to asthelocal finite branching property.
e T: S—>Q(rational numbers) is the exact time spent in
every state.
¢ P: A—[0,1] isthe probability function, which assigns
a probability to every trandtion. The following
condition applies, for all states se S, X4 transtionst < A from's
P(t)=1.
e 5y istheinitid state

22.CTMC

Wefollow the sameideasasin [10]:

A Continuous Time Markov Chain (CTMC) isatuple

(S 2 A, 1, &) where:

> S Aand g aredefined asin Section 2.1

o 1: A—[0,e0) isthe transition rate function

- Theexit rate of a state sis the sum of the rates of
al the activities enabled from s, i.e. W(S)= Zecs
u(ses), foral s.

- Therate of going from state s to stater is denoted
by u(sr)=Zes (ser)

- Given that we are in a particular state x, with exit
rate u(x), the probability that a certain transition
(e, u(e)) occursis:

Pe = n(e) /u(x), Moreover Zy transtions from x M(€)
Iu(x)=1.

Hence, an dternative definition for a CTMC
would give the exit rate ry for every state x
together with the probability for each transition e
from x. The rate of the trangtion e from x would
be then: r=P.r,.

- If uw(x) is the rate of state x, then the amount of
time spent on average in state x is Vu(x). So a
CTMC and an RTFSM differ in the delay time at
their states, In an RTFSM it is constant, whilein a
CTMC it is not constant, it is rather random with
given exponentia distribution.

- The probability of going from state sto state r is
denoted by P(sr)= Xz P(s,er) where P(ser) is
the probability of going from state s to state r
through transition e.

23.DTMC

A discrete time Markov chain (DTMC) is a tuple
(S 2, A, P, ) where:
e> S A Pand g aredefined asin Section 2.1
SoaDTMCisan RTFSM, but ina DTMC, the delay
time spent at any state isthe same and is equal to the
timeunit, i.e., at each unit of time, atransition takes
place. For details see [2]

2.4.Traces

An execution sequence E of a CTMC M is an
aternating finite sequence of states and events with
their corresponding rates, of the form:

(el,rl) (e2,r2)
E=g%— ss—..... S where ri= (e, S, S+1)-
We use the following terminol ogy:
- The trace of E written tr(E), is the sequence of
actions:. ep,e,,...appearing in E.
- Probability of E, or P(E), is the probability of getting
the execution sequence E which is the product of the
probabilities of all the transtions in E: P(E) =
r/W(So). - I/l(Sha)-
- The average dday time of E, or ADT(E), is the
average total time spent before we enter the final state
S, of E, which is the summation of the ADT spent in
each state: ADT(E) = Vu(so)+.... +1/u(Sh1)

2.5.Composition

Let M; and M, betwo CTMC, where:

M= (S, 2, Ay, W, S and M= (S, 2240, o, S0),
we will adopt the definition of a composition from [2]:
The composition MxM, is a CTMC M defined as
follows:
M= (SIxS2, Y1U¥2 A, 1, (S0, &°)) where:
e Aisthe set of al ((s1.Sy), & (S1,S ) such that if ee
¥, then (s, € S1)e A; otherwise 5=5';, and if e € %,
then (s, € S 2)e Ayotherwise s,=5',
o W(s1,S1), & (S2,52))= Malsy, & 9) if eeZu/2,

= U2 (Sg, es 2) if e, /Zl

= [ua(sy € S'1). Ha(S2 € S2)/( Ma(Sy).
Ha(s2))] (Min(ua(sy). Mx()) if ee25M2o
We note that the rate of the shared activity (third case
above) is reflecting the rate of the dower participant.
The resulting system isa CTMC, for a proof or a more
thorough discussion refer to [2].

2.6.Hiding

Let M be a CTMC with aphabet X, and let L,
we define M/L to be a CTMC that behaves exactly like



M except that all the symbols that belong to L are
hidden, i.e. we replace the occurrence of symbols from
L by the invisible symbal i, and hence we can interpret
the activity as an internal delay.

If M=(S, X, A, 1, S), then M/L=(S, XU{i}/L, A, W,
So) where

e (ses)eA’if (sgs)eA

o (si,s)eA’ if thereexistsee L with(ses)e A

sl (ses)=p(ses)and (si,s)=Ze 1 (sES)

2.7.Probability and Steady State Probability
Distributions

Let M= (S 2, A, I, S) bea CTMC. We denote by

- v4t) the probability of being in state s at timett, for
some se S.

- V(t) the probability distribution vector of M at time

t.
- II, the stationary distribution of M (if it exists),

which is: TT= lim,_.. v(t)
Remark: With some minor changes (like taking /T
instead of ), the definitions above apply for an
RTFSM.

3. Approach to Solving the Problem

In this section, we first present an example and then
explain our approach to finding the performance
parameters of several system components in order to
satisfy the behavior specified for the overall system.

3.1.Motivating Example

User requests arrive a a certain rate and a server
processes them. The server either fails or succeeds in
processing. If it fails the whole system stops. If a new
request arrives while the server is busy processing a
previous request, the server apologizes and ignores the
new request. If another request arrives while the server
apologizes to the previous one, the server does not see
the new request. The time required for a new request to
arive is a random variable with exponential
distribution and with rate = ¥4, see Figure 1.

We assume that the system S is designed as a
composition of two components M and N, see Figure 2,
(refer to [1] for details about constructing submodules
from a given specification in the context of finite state
machines). Both syssems M and N fail at the sametime
because they rey on a third system that may fail
(example: power supply). The rates of machine M are
known, while those of machine N are not. We need to
determine the rates of machine N so that the

composition of M and N behaves “better” than S.
Before discussng what we mean by “better”, we
present a brief explanation about the behavior of M and
N and their composition, followed by a statement of
the problem to be sol ved.

Figure 1. CTMC S, where r represents the
request seen by the server, f failure, s success
and athe "apologies I'm busy™™ message

Figure 2. Submodules M and N

(r,1/4) (y, min(1, ry)) (r,1/4)
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Figure 3. The composition K=MxN

(r,1/4) (i, min(1, ry))
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(sr9

@i.r)

Figure 4. Composition L=MxN/x,y,z with x,y,z
hidden

Components M and N run in padled and
synchronize via some events: M gets the requests and
N processes them and sends a success message if it
succeeds in processing. At any time during the



processing, both machines may fail. While processing a
request, machine M may receive another request,
which isrgected by N by sending an “apologies, I'm
busy” message. N and M synchronize on actions x, y, z
and f (where X, z and y are some interna actions
common to both machines) to ensure that:
1. Everyrequest that is processing either succeeds or
both machines fail.
2. N starts processing a request only when no other
request is being processed by machine N.
In Figure 3, r'=min(17/12, ,r; +rg).rd(rs +rg).2/17
And r"=min(17/12, r; +rg).nd(rs + 15).12/17
Andr”’ =min(1,r;)
X, Z and y are interna actions, they are considered as
internad delays so we replace them by empty moves as
shown in Figure 4.

3.2.Designing Performance Parameters for
Composed Systems

CTMC L isa system constructed with the intention
to do the same work specified in specification S. Since
we cannot always achieve a system with identical
behavior, we are looking for a system with equal or
better behavior than the specification (we will define
later what we mean by better). Therefore the problem
here consists of determining the rates of subsystem M
and N in a way to satisfy the above statement. To be
able to solve this problem we need to:

1- Remove the internal delays from CTMC L: we
should obtain a CTMC F that has a“similar” structure
to L, but no internal delays. We resort to this
construction because comparing F and S is more
convenient than comparing L and S (due to the absence
of interna delays). In the next section we will present
an overview of the algorithm used to remove the
internd  delays, aso called i-moves, a detailed
explanation of the algorithm can be found in [3].

2- Define equivalences. after removing the i-moves
from CTMC L, see Figure 7, we get a CTMC F that is
equivalent to L according to two equivalences which
we call average delay simulation equivalence, and
average delay equivalence. For some systems, we are
interested in their behavior after they reach the steady
state (example: systems that run indefinitely), so we
require a certain equivalence between F and L that
preserves some useful steady state properties; here the
average smulation equivalence is useful. In other
systems, we are interested in their behavior starting
from the initial state and describing the probabilities
and delay times for doing certain actions. In this
context, the average delay equivalenceis useful.

3- Define some criteria for comparison: For every
system, some criteria are considered to be better than

others, for example, one of our main concerns in a
given system might be the speed, so the faster the
model the better, or the criteria might be lower failure
rate, so the less the modd fails the better. Sometimes,
if the system has limited storage capacity, we might be
interested in having the least data lost per unit of time
on average, so the less data lost in the model the
better...etc. These requirements are problem-dependant
and we will call them “criteria for comparison”. In the
particular problem above we consider the following
criteriac A better system is a system with less
probability of failure, moreover, we require faster
processing for requests on average (i.e. less average
delay time for a given request before a success occurs).

3.3.Removing i-Moves

Definition 1. A CTMC M has a n-cycle of i-moves if
there exists a state x in M, where we can navigate from
x and come back to x with atrace consisting of exactly
n i-moves.

Definition 2. Suppose M isa CTMC, we denote by P
the probability of atrangtion t from state x (see Figure
5).

We proceed with removing the i-moves as follows:
For each i-move in M from state x to state y, (we will
take Figure 5 as our case), which is not part of an n-
cycle, do the following
e Add to state x (Figure 5) al transitions that can be

done from state y, in our case they are: by,...,bn,
these new transitions have x as a starting state but
go to the same state they used to go to from .

N

Figure 5. A general case of i-move

N Y N Y

Figure 6. States x and y after removing the
i-move

e Theprobabilities of the new transitions from x are:



Py = P* Py’. In other words, it is the probability
of going through the i-transition from state x to
state'y, then going through the b transition.
e Thenew ADT of x denoted by D,’ becomes:
= PX(Ur+Ury)+(1- B)Lry = PX/ry+1r, = Dy+
P’D,, where Dy istheinitial ADT of state x
In other words, the new ADT of x, would be the
average of the ADT of x multiplied by the
probability of leaving through one of the 8’ s added
to the ADT spent in x then in y consecutively
multiplied by the probability of doing transition i.
(before doing one of the by’ s).

On the other hand, if we have severd
interconnected loops of i-moves (like the case in Figure
6a), then for each state x, we look at all the possible
loops connected to x, and we calculate the probability
for each non i-transition possible from x, as well as the
ADT of x, by taking into consideration that whilein x,
we can traverse any of these loops many times before
doing a non i-trangtion. For a detailed construction,

/\
S~

Figure 6a. All moves represented are i-moves.

4. Equivalences and Steady State Behavior
4.1.Equivalences

Definition 3. Two CTMC M= (Sy, X, Ay, M1, S') and
Mo= (S5 X, Ag Mo &°) e said to be equal if we can
find a labding f which maps the states of M, to the
states of M, such that:
M=), o' =H(%7), S1 =f(S;) and pa=F(uo) (where f(x)
represents x with the occurrence of any state se S,
replaced by f(s))
Definition 4. Let M, and M, be two CTMC where:
M= (Sp, 2, Ay, i, V) and M= (S, 3, A, o, &), and
let My'= (S, 2, A, W', &) and My'= (S, 3, AY, 12,
5°) be the CTMCs we obtain by removing the i-moves
from My and M, , respectively. We say that M, and M,
are aver age delay simulation equivalent, written

MlE M2 ,
if My” and M, areequal.

Definition 5. Let M, and M, be two CTMC where:

Mi= (S, 2, Ag, Wy, ) and Mo= (S, 3, Ag, Mo, S,

Then M; and M, are said to be average deday

equivalent, if:

e When E isatracethat is possible through M; then
itis possible through M, and vice versa.

o Let e, then after performing trace E in My and
M,, the probability of having e as the next visible
(non i-transition) is the samein both M; and M,

o After performing E, the delay time needed on
average before a visible transition occurs is the
same for both M, and M.

Proposition 1. If M; = M, then M, is average delay

equivalent to M,. (See[3] for a proof)

42 .Steady State Behavior of Equivalent
CTMC's

As we have seen in the example in Section 3, the
actual system we built is system L, while the system
we are using for comparison with Sis system F. So
what can we say about the similarities of these two
systems?

Theorem 1. Let M=(S, 2>\ {i}, A, U, s) bea CTMC
with i-moves and N=(S, 2, A, |, S) be the CTMC
obtained from M by removing the i-moves according to
the algorithm described in Section 3. Then therate of a
trangition e, for any ecX, in seady state, is the same
for M and N.

For a proof, see Appendix A

Coroallary 1. If M= N then therate of doing a
trangition e, for any ee X, in steady state, isthe same
for M and N.

5. Examples:

5.1. Example 1
We will first proceed with the solution for the
problem proposed in Section 3: To start with, we need
to remove the i-moves from CTMC L. Figure 7
represents the graph obtained from L by removing the
i-moves following the algorithm defined in Section 3:
In Figure 7, we have indicated probabilities instead
of rates where o=r’'+1/4+r". And the ADT for each
state is given below:
ADT(1,1) =1/4
ADT(2,2)=Vmin(1,r,)+
V(@ +UA+")+(r" (U441 +17)). 1 rs
ADT(4,2)= (retr”)/[(r' +1/4+r")r{
ADT(5,5=r""+1/4
ADT(6,2=1



Figure 7. CTMC F obtained by removing the
i-moves

Remark for this example, we cannot smplify F
anymore, the aggregation as defined in [2] is not
possible for F. While in Examplel we got the same
number of states as in the given specification, here the
number of states are larger, and cannot be smplified.

We now analyze the problem: The criteria of
comparison in this problem is concerned with
transition probabilities of the systems to be compared
as wel as ADT. Since the “average déay
equivalence” conserves these criteria then we are safe
in comparing F and Singtead of L and S.

The first part of the analysis is concerned with
comparing the probability of failure, while the second
pat deals with the average time for request
processing.

1- The probability of failure, P;, for a given
request r
InFand S if agiven request r starts processing,
no matter how many new requests arrive, the
machine has to go into either fail or success
options. Therefore the probability of failure P; for
agiven request r, can be measured as:

(probability of failure of r given we arein the
processing state) /(probability of success of r given
we arein the processing state)

30 (Psin S)= (Yal 1)=Ya
(Prin B)=(r"/oy/(r" /oy = ¢’/ r" = [min(17/12,r¢
+,).[rif (rs + 1, ). 2/L7] 1 [min(L17/12,r; +ry).[rd (rs +
r].12/17] = 2r¢ [12r,.
Weneed (P;in F) < (Psin S), which leadsto
20 /121, < Ya,
r; <3/2ry

2- The ADT needed for arequest r to succeed

- In S Let r be a request that the machine is
processing. During the processing, new requests
might arrive; each with rate ¥, at any time the
processing might succeed with a probability of Y2
(see Figure 1). So, a success might happen at first
with probability 1 and ADT= 3/2 (average delay

time at sate 1), or it might happen after 1 new
request arrive and is refused by a sorry message
with probability ¥ and ADT =5/2+3/2 (average
delay timein state 1 then state 2 then state 1 again)
and so on... So, thetotal ADT before a success is:
(din S)=1.3/2+1(3/2+5/2)+.... + 1.(3/2+n.5/2)+....
- In F. By similar reasoning, the ADT before a
success occurs is: (d in F)= (/o) [U/min(1, ry)
+lotr" ard +........ + (o) (Vo) [/min(d, ry)
+UoHr" ] (ord+(A+(rsH)ord+...+ (/o) (Vdo)"
[Vmin(d, ry) +Vortr"/ (ourg)+n(L1+(rst” Yo
- Wenead (d inF)<(d in §), thisis achieved if the
general term in the sequence (d in F)< the general
teemin(din S), i.e. if
(r" /oy (Y4o)" [Umin(, ry) +Ua+r”/
(ar)+n(1+(rstr” ) or <3/2+n.5/2
foraln
One solution is obtained by taking: r;=r,=1 and
ry=120rs=3.

5.2.Example 2

We assume that a queue can hold a maximum of
two elements, elements arrive and are stored in the
gueue and remain there until they are removed, any
element that needs to be stored after the queueisfull is
lost. The time before an elements is removed is a
random variable with exponentia distribution and rate
= 2. The time before an dement arives is also a
random variable with exponentia distribution and rate
=1, thisis shown in Figure 8, where put represents the
arrival of an dement, get the removal of an element
and s a ‘sorry full’ message, the state number
represents the number of elementsin the queue.

(put,1) (put,1)

v
v

(s1)f | (put,1)

Figure 8. CTMC S.

e Criteria for comparison: A better system is a
system with fewer elements lost per unit of time
on average.

In system S, to get the average number of elements
lost per time unit, we need to calculate the rate of
getting a put request, for that we need to calculate the
steady state probability.



Figure 9. CTMC M and N

We assume that the system is designed as a
composition of two components M and N, (see Figure
9), that synchronize on cetain events:

M fills up the queue when e ements arrive.
N empties the queue when elements are removed.
N and M synchronize on actions x,y, and s to ensure
that:
e No more than two elements are present in the
gueue at agiven time
e The removal of an eement is done only if the
gueue is nonempty
e Both send a “sorry full” message when an
element arrives and the queueisfull.

(put,1) t,2) (i.ry/(2+r

@ (g 3 [y)

@
(iLmin(2, ry)/2) & /
(smirny1,ry)) (put1)
@3

Figure 10. CTMC K.

(put,1) (put,/3)
@ — D —
(get,2/3) et,(4+21,)/(4+3 1))
(s1) (put,
rf(4+3ry))

Figure 11. CTMC F.

CTMC F is obtained by removing i-moves and then
discarding the nonconnected components. The numbers
next to the trangtion labels is the probability of the
transition, and the ADTs are as follows:

ADT(0,0=1

ADT(1,0)= 1/3+(2/(min2,ry))
ADT(1,1)= 2(3r,*+7r,+4)/(4+3r,)?
ADT(2,3)= min(1,re

In the remaining of this section, we need to
compare the performance of CTMC S and CTMC L

Now, we need to find the unknown rates in N so that,
M composed with N performs better than S. We
proceed as follows:

e compose M and N, then hide events x and y (as
discussed in Section 2) and obtain CTMC L,
shown in Figure 10.

e then we remove the i-moves from L to get the
CTMC F, shown in Figure 11. From Theorem 1,
we have L=F.

e  Then wefind the unknown rates so that F performs
better than S in terms of average number of
edements lost per unit of timeaccording to the
criteria defined above, that is according to the
average number of elements lost per unit of time,
Cs and C_, respectively.

The steady state probability of S, denoted by ITs,
gives for every state sin S, the probability of being in
state s in equilibrium. So to calculate Cs, we need to
calculate the steady state probability, in particular the
probability of being in state 2 in equilibrium multiplied
by the rate of getting an element:

The steady state probability of system S is
n=[1/2,1/4,1/8,1/8]. The elements lost per unit of time
ae
Cs =n(2).(rate of going out of state 2 through f)=
1/8.1=1/8

We know that L and F have same number of
elements lost per unit of time (from Theorem 1) hence
Ce =C_ . Wecalculate C as follows:

Denote by x= (4+2r,)(4+3r,)/6(3r, +7r,+4) and y=

(4+3ry)r,/6(3r,>+7r,+4)

The steady state probability of Fis

Te=[6X/(2x-y+1), 3x/(2x-y+1), 6x/[3x(2x-y+1)], (1-x-

y)3X/[x(2x-y+1)]

and hence the average number of elements|ost per unit

of time:

Cr = ®(2). (rate of going out of state 2 through

f)=2/[(2x-y+1)]. r,/(4+3ry) this should be smaller

than Cs

By replacing x and y by their values, we get:

2 (2[(4+2r,)(4+3r)/6(3r,*+Tr +4)] [

(4+3r)r/6(3r 2+7r +4)]+1)}. r,/(4+3r,)<V8

One solution could be achieved by teking: ry =%, 1, 2

2, rs> 1. In this case we get:

Cr = 49.5/559.625= 0.088452<1/8= Cg

So, on average, the machine L obtained performs
better than the original specification S.

6. Conclusion

The main concern in this paper was to decompose a
continuous time Markov chain into smaller and easier
to model chains. The same work could be applied to an



RTFSM and to discrete time Markov chains. As future
work, we are trying to generalize these ideas to any real
time probabilistic system regardless of the distribution
of timedeaysin its states.
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Appendix A

Proof for Proposition 1

Proof: We proceed in the proof as we remove each i-
move.

Casel: Non cyclic i-moves. We assume that M has an
i-move between states x and y, for some x,y in S, that

isnot part of an-cycle, refer to Figure 5, and M’ isthe
CTMC obtained from M by removing thisi-move.

Our aimisto provethat, in M and M’, therate of doing
a certain trandtion e in steady state denoted by P° and
P respectively, is the same. For that we need to
calculate the steady state probability for M and M’,
then useit to find thevalues: Pfand P %,

Firgt we find the steady state probability:

- let TI be the steady state probability of M, then we
know that the probability of going out of a state sin the
next time instance at equilibrium equals the probability
of coming into s in the next time instance, refer to [2]
for more details. Applying thisto state x we get:
TIOOU)=E 2o T1(2) 1(2X)

= TI(X)/D(X)=X .« I1(2) P(z,x)/D(z) where D(s) isthe
ADT of sates

similarly,

TI(y)/D(Y) =Z 2 [1(2) P(z,Y)/D(2)

- Now, let M’ be the CTMC obtained from M by
removing the i-move from x to y, refer to Figure 6. If
IT is the steady state probability for M’ and D’ is its
average delay time function, then:

IT (1’ (X)=Z 24 IT'(2) W' (z,X)

but the transitions coming into x have the same rate in
both M and M’

= IT' (X)/D’(X) =Z . [1(2) P(z,x)/D(2)

= IT (X)/[D(x) +P, D(Y)]=Z 24 1(z) P(.X)/D(2)=
I1(X)/D(x)

= IT'(X)=TI(x) + TI(x) P, D(y)/D(x)

Now, IT' (Y)u'(Y)=Z 24 IT' (2) w'(zy) but W’ (y)=)u(y)
= IT(Y)/D(y) =[Z 24yx I1(2) P(z,y)/D(2)]

+HIT' (X)/D’ ()] P (xy)

But P (x.y) = P(x.y)-P,

= IT(Y)/D(y) =[Z 2y« I1(2) P(z,y)/D(2)]

+IT' (X)/D’ ()][P(x.y)- P]

But IT (x)/D’ (x)=IT(x)/D(X)

= IT(y)/D(y) =[Z 24 I1(2) P(z,y)/D(2)]
+HII(X)/DX)][P(x.y)- P]

= IT(y)/D(y) =[Z 2 I1(2) P(zy)/D(2)] - P TI(x)/D(X)
=1T'(y)= TI(y) - P TI(X)D(y)/D(x)

Now, we calculate the rate of doing any transition from
x and from y in the next time ingtant in both M and M’

- Probability of doing transition g in the next time
instancein M (refer to Figure 5) = TI(X)P(a)/D(x)

- Probability of doing transition g in the next time
instancein M’ (refer to Figure 6) = IT' (X)P(g)/D’ (x)

= P(@) [ T1(x)+ I1(x) P D(y)/D(x)]/ [D(x)+ P /D(y)]

= P(a) [ T1(x)/D(x)] [D(x)+ P D(y)l/ [D(x)+ P, D(y)]

= P(@) [ T1(x)/D(x)]

- Probability of doing transition by in the next time
instancein M (refer to Figure 5)

= TI(y)P(ly)/D(y)




Probability of doing transtion by in the next time
instancein M’ (refer to Figure 6)

= IT (y)P(b)/D’ (y)+ IT' (x)P(by) P/D’ (x)

= IT (y)P(b)/D(y) + IT (x)P(b)P/D’ (x) (1)

but, from the cd culations above we get that :
IMIx)/D'(x) = TII(x) /D(x) and IT'(y)/D'(y)=
T1(y)/D(y)-P: TT (x)D(y)/D(x)

0 (1) = TI(y)P(by)/D(y) -[I1(x) /D(x)] P(b)P +{I1(x)
/D(x)] P(b)P

= T(y)P(b)/D(y)

So after we remove the i-move between x and y, the
rate of atransition e from x or y remains the same. But,
the steady state probability for any state s where s#x,y
isthe samein M and M’ as well as the rate of doing
transition e out of s. Hence the rate for trangition e in
M and M’ remains the same. Moreover, removing all
non cyclic i-moves from a CTMC keeps the rate of a
transition fixed.

Case2:

Cyclic i-moves. Now we need to consider the case of a
n-cycle of i-moves, and several interconnected loops of
i-moves and compare the rate of doing a transition e,
for some ecX, a steady state, before and after
removing thei-moves.

For the sake of simplicity, we will treat the case of a 2-
cycle of i-moves only, the other cases are treated using
the same reasoning.

Let M be a CTMC with a 2-cycle of i-moves, see
Figure 12. Figure 13 shows CTMC M after removing
its 2-cycle of i-move.

i1Pl

i|P2

Figure 10:CTMC M

Figure 11. CTMC M’

We need to calculate the rate of transition a from x or
yinboth M and M'.
- Let IT be the steady state probability of M, then

TEIUK)=Z 22 T1(2) 1(zX)

= TI(X)/D(X)=X .« I1(2) P(z,x)/D(z) where D(s) isthe
ADT of sates

=HX)/DK)= TI(y) PyX)/Dly) +Z  zxy1(2)
P(z,x)/D(2)

similarly,

T1(y)/D(y) = I1(x) P(x,y)/D(X) +Z 2.y« I1(2) P(zy)/D(2)
- If IT' is the steady state probability for M’ and D’ is
its average delay time function, then:

IT (0K ()=Z o IT (D) W (29)

Since thereisno more transitions from y to x

IT (OW' ()=E 2xy IT'(2) W (200 |
but the transitions coming into x have the same rate in
both M and M’

= IT'(X)/D’(X) =Z 2y [1(2) P(z,X)/D(2)

similarly

= IT(1)/D'(y) =X 2y T1(2) PZY)/D()

Now, we need to calculate the rate of trangition g_from
x and fromy in both M and M’

- Rate of doing transition & in M (Figure 10):

P= TI(x)P(@)/D(x)

- Rate of doing transition g in M’ (Figure 11):

P= [P@a)/(1-

Py X)POY)IIT (X)/D (x) +[P(@) P(y.x)/(1-

Py, X)PeGY)IT (y)/D (y)

= [P@)/(1-Ply.X)PXY)]Z 2y 11(2)
P(zx)/D(2)+[P@)P(y.X)/(1-Py.x)PX.Y)]  ZzayI1(2)
P(zy)/D(2)

= [P@)/(1-P(y.x)P(x,y)] [TI(x)/D(x)-

Py x)I1(y)/D(y)]+[P(a)P(y.x)/(1-

Py X) PO WI[TI(Y)/D(y)- P(x,y)I1(x)/D(x)

= E(a)[H(X)/D(X)] [1-P(y.x)P(x.y)]/[1-P(y.X)P(x,y]

So after we removed the 2-cycle of i-move from the
CTMC, the rate of transition g remains the same.
Hence, the proposition is proved.




